Abstract. We show that, for 1 < p ≤ 2, the space Lp(R d ) does not admit unconditional Schauder frames f i , f ′ i i∈N where {f i } is a sequence of translates of finitely many functions and f ′ i is seminormalized. In fact, the only subspaces of Lp(R d ) admitting such Banach frames are those isomorphic to ℓp. On the other hand, if 2 < p < +∞ and {λ i } i∈N ⊆ R d is an unbounded sequence, there is a subsequence {λm i } i∈N , a function f ∈ Lp(R d ), and a seminormalized sequence of bounded functionals f ′ i i∈N such that
Introduction.
We study Schauder frames of translates in subspaces of L p (R d ). For λ ∈ R d , the translation operator T λ is defined by
where f is a function defined in R d . Given a sequence {λ i } i ⊂ R d and a function f ∈ L p (R d ), the closed linear span of the sequence of translates
has been studied by many authors (see, for example, [1, 3, 7, 8, 17, 18, 22] , where techniques from harmonic analysis are the main tools, and [9, 16] , where Banach space techniques are essential). Systems formed by translates of finitely many functions were also studied (see, for example, [15] ). One might classify many of the different questions which are behind this research into two families. The first one focuses on X itself: does it coincide with L p (R d )?
If not, what can we say about X? (do we have an isomorphic description? is it complemented in L p (R d )? The second family of questions focuses on the sequence {T λi f } i : is it a Schauder basis of X? or a Schauder frame? What about unconditionality? However, the (maybe) most natural question belongs to the intersection of these families: does L p (R d ) admits (unconditional) Schauder bases (or frames) formed by translates? In other words, can we have both X = L p (R d ) and {T λi f } i a Schauder basis/frame? We recall some results in this direction that motivated our research. 
The proof of Theorem 1.5 given in [9] gives a Schauder frame {T λi f, f
} i∈N tends to zero in norm as i tends to infinity. Identifying the dual space 
In this article, we study mainly unconditional (approximate) Schauder frames of translates of a function or of finitely many functions for subspaces of L p (R d ), and in particular, we focus on Problem 1. In Section 2, we introduce some notation, recall some known facts and prove some general results. We study Schauder frames and approximate Schauder frames in general Banach spaces, and present sufficient conditions for the existence of seminormalized coordinates, which we will use in the proofs of our main results. In Section 3, we introduce Schauder frames of translates in L p (R d ) and prove some technical results that are used in the sequel. Section 4 has the main results of the article. In Section 4.1 we study the case 2 < p < +∞. Modifying the proof of Theorem 1.5 from [9] , we prove in Theorem 4.1 that, for every unbounded sequence {λ i } i∈N ⊆ R d , we can take a subsequence
, and a seminormalized sequence {f
. This shows, in particular, that there are sequences of translates {f i } for which the answer to the question in Problem 1 is positive (for 2 < p < +∞). In Section 4.2 we study the case 1 < p ≤ 2. In opposition to the previous case, we prove that for any such p, Problem 1 has a negative answer, no matter how we chose the sequence of translates. In Section 4.3 we consider p = 1. We show in Proposition 4.9 that, under a natural geometric condition on the sequences of translates, any subspace of
admitting an unconditional frame of translates must be isomorphic to ℓ 1 .
Preliminaries.
In this section, we present some definitions and basic results. Unless otherwise stated, we assume that all of the spaces we consider are infinite-dimensional and separable Banach spaces over K, where K may be chosen to be either C or R. If X is a Banach space, we denote its dual by X ′ , and by B X its closed unit ball.
, |λ| denotes the Euclidean norm of λ. We say that the sequence {f i } i∈N ⊂ X is bounded below if there is r > 0 such that ||f i || ≥ r for all i ∈ N. The sequence {f i } i∈N is called seminormalized if it is both bounded and bounded below.
Recall that a Banach space X has type p if there exists M > 0 such that
for every {f i } 1≤i≤n ⊆ X. Here, {r i } i∈N is the sequence of Rademacher functions given by
It is known that for every measure space (Ω, Σ, ν) and 1 ≤ p < +∞, the space L p (ν) has type min{2, p} and cotype max{2, p} [13] , and that if a space X is of type p > 1, its dual space X ′ is of cotype p ′ , where
. From these facts and Orlicz Theorem (see [19, 20] 
The following remark is a consequence of the previous proposition and a standard uniform boundedness argument. Remark 2.2. With p, q, s and X as in the previous proposition, the following hold.
frame constant and unconditional frame constant to approximate Schauder frames and unconditional approximate Schauder frames respectively, though unlike the case of frames, they might be smaller than one. We will define similar constants for a larger class of sequences: for each sequence {f i , f
In a similar way, we define the unconditional frame constant of {f i , f
converges for every g ∈ X, then by the uniform boundedness principle, K {f i , f ′ i } i∈N is finite. Similarly, if the series converges unconditionally for each g ∈ X, K u {f i , f
The rest of this section is devoted to prove some technical results. Their main goal is to obtain, from a given approximate Schauder frame {f i , f ′ i } i∈N for X, a new Schauder frame for X with seminormalized coordinates, which preserves some properties of the original aproximate frame. We need the following lemma from [9] .
approximate Schauder frame for X with frame operator S, then
In the proof of our next lemma, we first obtain an approximate Schauder frame with seminormalized coordinates from an approximate Schauder frame, by adding to the coordinate functionals a seminormalized sequence of funcionals with sufficiently small norms, and then, by an application of Lemma 2.3, we get a Schauder frame with seminormalized coordinate functionals from it.
′ be an approximate Schauder frame for X with {f i } i∈N bounded below. If there is a seminormalized sequence {g
Proof. Let S be the frame operator of {f i , f ′ i } i∈N . Since S : X → X is an isomorphism, there exists 0 < δ 0 < 1 such that every T : X → X ||S − T || ≤ δ 0 is also an isomorphism. Note that ||f
} i∈N g for all g ∈ X and all i ∈ N, so both {f ′ i } i∈N and {f i } i∈N are bounded. Set
, where
Hence, we can define a linear operator T : X → X by
Hence, {G ′ i } i∈N is seminormalized, and thus so is {F
′ be an approximate Schauder frame for X such that {f i } i∈N is bounded below. Suppose that X contains a complemented copy of ℓ q (1 ≤ q < ∞) and that there is
for each n ∈ N and every {a i } 1≤i≤n ⊂ K. Then, there is a seminormalized sequence {F
Proof. Let Y ⊂ X be a complemented copy of ℓ q and P : X → Y be a bounded projection. Let {H i } i∈N be a basis of Y equivalent to the unit vector basis of ℓ q , with coordinate functionals {H
basis of ℓ q and, then, the series i H ′ (P (g))H i converges unconditionally for every g ∈ X. Since T is bounded, the series
also converges unconditionally. Since P * is bounded below, we can apply Lemma 2.4 with g i = P * (H ′ i ) to get the seminormalized sequence {F ′ i } i∈N ⊆ X ′ with the desired properties.
3. Unconditional Schauder frames of translates: definitions and general results.
Fix a finite family
there exists a unique k = 1, . . . , k 0 such that f i is the translation of g k by λ i . In other words, there is a partition {∆ k } 1≤k≤k0 of N into disjoint sets such that
We may assume that each ∆ k is nonempty (if some ∆ k is empty, the corresponding g k is not used in the translations and we can remove it from the family). 
Definition 3.1. An approximate Schauder frame (or a Schauder frame) {f
In this section, we study unconditional Schauder frames and approximate Schauder frames of translates of a single function or of finitely many functions in L p (R d ), for 1 < p < +∞. In particular, we focus on unconditional Schauder frames of translates with seminormalized coordinate functionals. We first introduce some definitions.
The set is relatively uniformly separated if there is a partition
Note that all the elements of a uniformly separated family are different, but this does not necessarily hold for relatively uniformly separated indexed sets. 
In [18, Theorem 1] and [16, Proposition 1.8] , the authors prove that if
d and {f i } i∈N is a sequence of translates of f by a sequence {λ i } i∈N ⊆ R d , then {λ i } i∈N is uniformly separated. In [15] , similar results are obtained for more general sequences. In particular, the following statement will be useful for our purposes. 
Then, {λ j } j∈N is relatively uniformly separated.
The following lemma is probably known, but we could not find a reference for it.
Lemma 3.5. Let X be a reflexive Banach space, and let {f i , f
The following are equivalent:
(ii)
Proof.
for all h ′ ∈ X ′ . Since X does not contain a subspace isomorphic to c 0 , it follows from Theorem c 0 of Bessaga-Pelczynski that If {f i , f ′ i } i∈N is an unconditional approximate Schauder frame for a reflexive Banach space X, by the previous lemma
Hence, → 0 as n → +∞.
, and {f i } i∈N is a sequence of translates of {g k } 1≤k≤k0 by {λ i } i∈N . If {f ′ i } i∈N is seminormalized, then {λ i } i∈N is relatively uniformly separated.
FRAMES OF TRANSLATES IN
Proof. By the previous comments and Remark 2.2, h ′ → (h ′ (f i )) i∈N defines a bounded linear operator from X ′ into ℓ q , where q = max{2, p ′ }. Then, Theorem 3.4 shows that {λ i } i∈N is relatively uniformly separated.
As a consequence of our next lemma and its corollary, for unconditional approximate Schauder frames of relatively uniformly separated translates with seminormalized coordinates, we can strengthen some conclusions of Remark 2.2. The proof of the lemma is a variant of the proof of [11, Lemma 2, Section 3].
Lemma 3.7. Let 1 ≤ p < +∞, and let
As a consequence, fixed 1 ≤ k ≤ k 0 and n ∈ N we have
by Hölder's inequality. Since D j,k ∩ D j ′ ,k is empty for j = j ′ and Rademacher functions have modulus one, this last expression is bounded by 
Proof. Suppose {f i } i∈N is a sequence of translates of {g k } 1≤k≤k0 by {λ i } i∈N . Since all g k = 0 for 1 ≤ k ≤ k 0 , there exists ǫ > 0 and a cube Q ⊆ R d such that
By Remark 3.3 there is a partition {A m } 1≤m≤m0 of N such that
Let {∆ k } 1≤k≤k0 be a partition of N such that
and let
By Lemma 3.7, this implies that
A uniform boundedness argument completes the proof.
Note that for the case 2 ≤ p < +∞, the result of Lemma 3.7 follows immediately from Proposition 2.1, but it is convenient for our purposes to state the lemma and its corollary for all 1 ≤ p < +∞. Now we prove the main result of this section. 
for each n ∈ N and every {a i } 1≤i≤n ⊂ K, then, the following assertions hold.
(a) The sequence {λ i } i∈N is relatively uniformly separated.
is an isomorphism between X and a complemented subspace of ℓ p . In particular, X is isomorphic to ℓ p . (c) There is a seminormalized sequence {F ′ i } i∈N such that {f i , F ′ i } i∈N is an unconditional Schauder frame for X.
Proof. Suppose that {f i } i∈N is a sequence of translates of {g k } 1≤k≤k0 by {λ i } i∈N Let Φ p : ℓ p → X be the bounded linear operator given by
If e (i) i∈N is the unit vector basis of ℓ p , for each h ′ in X ′ we have
Hence, by Theorem 3.4, {λ i } i∈N is relatively uniformly separated and, by Corollary 3.8, we can define a bounded linear operator Ψ p : X → ℓ p by
Let S be the frame operator of {f i , f ′ i } i∈N , and take Z = Ψ p (X). For each g ∈ X, we have
This shows that Ψ p is an isomorphism between X and Z. If a = (a i ) i∈N ∈ Z, there is g ∈ X such that Ψ p (g) = a. Thus, it follows from (10) and (11) that 
Proof. We first present a sketch of the main steps in the proof of Theorem 1.5 from
where {h ′ i } i∈N is the sequence of coordinate functionals associated with the basis {h i } i∈N .
(b) Choose a sequence of positive integers j 
> 1, and
From these choices, the sets
J k , and
It follows that
and for each i ∈ N,
Now we modify this proof to obtain our result. First, we write
with {m i } i an increasing sequence of natural numbers.
For A a finite subset of D and {b i } i∈N ⊂ K we have
Next, we estimate each of the terms on the right-hand side of (17) . From (12), (13) and the fact that {h i } i∈N is normalized, we have
From (16), we also have
From (17), (18) , and (20) we get
Thus, for every n ∈ N and for every set of scalars {a i } 1≤i≤n , we have
To finish the proof, let M 0 = 1 + ||Φ 2 || and apply Corollary 2.5 to the unconditional approximate Schauder frame
A question that arises naturally in this context is whether the seminormalized sequence of Theorem 4.1 can be chosen so that |F
and there is r > 0 such that r ≤ |f
defines an isomorphism between X and a complemented subspace of ℓ p . Thus, X is isomorphic to ℓ p .
Proof. Since {f i } i∈N is seminormalized, {||f
Suppose that {f i } i∈N is a sequence of translates of {g k } 1≤k≤k0 by {λ i } i∈N and choose M > 0 and a cube Q ⊆ R d such that
Let {∆ k } 1≤k≤k0 be a partition of N for which (7) holds. By Remark 3.3, there is a partition {A m } 1≤m≤m0 of N such that
Fix 1 ≤ k ≤ k 0 and 1 ≤ m ≤ m 0 . It follows from (21) and (22) 
Since the series
. From this fact, (23), (24) and Lemma 3.7, we deduce that there is linear operator Θ p ′ : X ′ → ℓ p ′ given by
which is bounded by the uniform boundedness principle. As in Remark 2.2, this implies that there is a bounded linear operator Φ p : ℓ p → X given by
Now we apply Proposition 3.9 to complete the proof.
If, in addition to the hypotheses of Proposition 4.2, we add the condition that {f i } i∈N be basic, it follows from (25) and the uniqueness of the coefficients that Φ p is injective. Since it is also surjective and bounded, it is an isomorphism between ℓ p and X. Thus, {f i } i∈N is equivalent to the unit vector basis of ℓ p . The condition that X be complemented in L p R d is essential in this context. In fact, it was proven in [16, Example 2.16 ] that for p > 2, there are unconditional basic sequences of translates that are not equivalent to the unit vector basis of ℓ p .
4.2.
The case 1 < p ≤ 2. Unlike the case 2 < p < +∞, for 1 < p ≤ 2 Problem 1 has a negative answer for every sequence of translates. For 1 < p < 2, this is a consequence of a more general result, which we prove next. (i) There is a seminormalized sequence {F
for each n ∈ N and every finite set of scalars {a i } 1≤i≤n . Under these conditions, g → (f ′ i (g)) i∈N defines an isomorphism between X and a complemented subspace of ℓ p . Thus, X is isomorphic to ℓ p .
Proof. To see that (i)=⇒(ii), we apply Remark 2.2 to {f i , F ′ i } i∈N and set M 0 = ||Φ p ||. The implication (ii)=⇒(i) follows immediately by Proposition 3.9. Also by Proposition 3.9, we conclude that g → (f ′ i (g)) i∈N is an isomorphism between X and a complemented subspace of ℓ p .
If, in addition to the hypotheses of Theorem 4.3 we assume that {f i } i∈N is a basic sequence, then we see that Φ p is an isomorphism between ℓ p and X, so {f i } i∈N is equivalent to the unit vector basis of ℓ p . This gives an extension of Theorem 1.2 for L p R d with d ≥ 1 and for sequences of translates of finitely many functions. Note that Theorem 4.3 does not give an answer to Problem 1 for p = 2. A negative answer will follow from more general results about the compactness of restriction operators, which are variants of similar results from [9] and [15] . We first state a result that follows immediately [15, Lemma 3.4 (i)]. A similar result result was also proven in [16] . 
Proof. Let S be the frame operator of {f i , f ′ i } i∈N , and let h
} i∈N is an unconditional Schauder frame for X. By Corollary 3.8, there is a bounded linear operator Ψ p : X → ℓ p given by
The proof is essentially the proof of [ 
is not isomorphic to a subspace of a space with an unconditional Schauder basis (see [21] or Proposition 1.d.1 in [12] ). With regard to Schauder frames of translates, it was proven in [16, Corollary 2.4 ] that if {T λi f, f ′ i } i∈N is a Schauder frame for a subspace X ⊆ L 1 (R) and {λ i } i∈N is uniformly separated, then X is isomorphic to a subspace of ℓ 1 . It also follows from [16, Corollary 2.4 ] that, in this case, the restriction operator R I : L 1 (R) → L 1 (I) is compact for every bounded interval I ⊆ R. In particular, this implies that X = L 1 (R) (this last fact also follows from [16, Theorem 1.7] or [3, Theorem 1]). The described results can be extended in a straightforward manner to L 1 R d for every d ∈ N and to translates of finitely many functions by relatively uniformly separated sequences. Also, for unconditional (approximate) frames, we have the following result. Proof. Corollary 3.8 allows us to define Ψ 1 : X → ℓ 1 as in the statement. On the other hand, since {f i } i∈N is bounded, we can define a bounded linear operator
The proof is completed by essentially the same argument given in the proof Proposition 3.9.
Proposition 4.9 can also be easily deduced from the fact that every sequence of translates by a relatively uniformly separated sequence in L 1 R d can be split into finitely many disjoint subsequences, each of them equivalent to the unit vector basis of ℓ 1 (see [16, Remark 2.8 c)]).
4.4. Some related questions. We end with a list of questions that arise naturally in the context of (unconditional) Schauder frames of translates. All the questions make sense for translates of a single function and for translates of finitely many functions are also interesting. 
For 1 < p ≤ 2, Proposition 4.5 gives a negative answer to Problem 1 from Section 1. Moreover, it shows that there are no unconditional frames for L p (R) of the form {T λi f, f
